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Prior Distributions for GLM

m Let us first consider classes of priors for exponential family models.

Let us assume ¢ = 1 thoughout, since this is the case for the binomial,
possion, and exponential distributions.

The exponential family density can be

p(y|0) = exp{y6 —b(0) +c(y)} (1

We can develop a class of conjugate priors for the exponential family.
We are led to the following theorem.



Prior Distributions for GLM

Theorem:
Suppose p(y|6) is given by (1). Suppose we consider a prior on 6 of the form

7(8) o< exp{ao(6yo — b(6))} (2)

where (ao, yo) are specified hyperparameters. Then 7(0) is a conjugate prior
for 6, which indexes the exponential family p(y|0) (Note: Conjugate priors
are proper priors by definition)



Noninformative Priors for

m The uniform prior, i.e., 7r([3) o< 1 is always an attractive noninformative
prior for 3, since it yields a posterior with parameters that match
frequentist point estimates.

m Thus with 7 o< 1, the posterior of B is p(B|y) =< L(B), and in this case
the posteior model of B equals the maximum likelihood estimates of 3.
Morever, by the Bayesian central limit theorem,

Bly — N(B.1™(B))
as n — oo, where
I(B) = X’AVAX|ﬁ=ﬁ

and 3 is the MLE of 8

m Thus () = 1 has lots of desirable properties as a noninformative prior

for B



Noninformative Priors for

m Another noninformative prior for 8 is Jeffrey’s prior, given by
7(B) < |I(B)|'/

m For GLMS's /(B) o | X'AVAX]|'/?

m Note that A and V depend on 3. Thatis, A = A(B), V = V(B).

m We see that Jeffrey’s prior for GLM’s is, in general, quite different from
the uniform prior.

m It can be showen that for the binomial model, Jeffrey’s prior for § is
proper for any link function.

m For the normal, Poisson, and gamma regression models, Jeffrey’s prior
for B is an improper prior for any link function.



Noninformative Priors for

m Note that for the usual normal model,

If 62 is assumed known, then
() o< |02(X/X)\1/2 = constant

so that Jeffrey’s prior is a uniform prior for 8 in this case.

m For the binomial, Poission, and gamma regression models, Jeffrey’s
prior for B is NOT a uniform prior.

m An article characterizing Jeffreys’s prior for GLM’s and its implications
on the posteior can be found in Ibrahim and Laud(1991, JASA)



Informative Priors for 3

m The most common type of informative prior for B in GLM’s is a normal
prior, i.e., B ~ N(lo, %)

m If a previous study with historical data Dy = (no, o, Xo), then we can
take

m(Bla) o [L(Blwo))®
= ewla ) (10(0B)-bOMRBN @)

where yo = (Yo1, ...,yono)’ is the np x 1 vector of response for the

historical data, Xp is an ng x p matrix of covariates with ith row x(/),-, no is
the sample size for the historical data, and ag is a specified
hyperparameter.

m Note that even when gy is fixed, this prior does NOT have a closed form

B

m This is a computationally challenginig prior to work with, in general.



Informative Priors for 3

m We can approximate the prior in (3) by a normal distribution. That is, as
ng — oo, one can show that

n(Blao) — No(B.a5' %)

where B is the MLE of 3 based on the historical data Do(no, o, Xo) and
¥ = (X,ApVyAL)T |5—p Where X, is the n X p covariates matrix for
the histrorical data Ag and V, are A and V using the covariates from
the historical data.

m The approximation in (4) is computationally easier to wotk with than the
prior in (3)



Informative Priors for 3

m We can establish the Bayesian central limit theorem for GLM with an
arbitrary prior () for

m Theorem: Suppose L(f3) is the likelihood function of any GLM based on
n observations, and suppose 7(f3) is the prior for . Then as n — oo,

Bly — No(B", %)

where B* is the posterior mode of 3 obtained by solving
2 llogp' (BIy)] =0
Ip

and

*

2
s (_aﬁaaﬁ,[/ogp*(ﬁly)]lfsﬁ*)1

where p*(B|y) = L(B)x(B) is the unnormalized posterior density of 3



Property of the Posterior Distribution for GLM’s

m If 7(f3) =< 1 and the MLE of 3 exists for the GLM, then p(B|y) is proper.

m With Jeffreys’s prior, i.e. () o |X’AVAX]|'/?, it can be shown that
p(Bly) is proper under some very general conditions.

m Note that Jeffreys’s prior is improper for the Poission, gamma, and
normal models. See Ibrahim and Laud (1991, JASA) for more details.

m If £(B) is proper, then of course p(B|y) is always proper for any GLM.
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